The first mechanical interpretation of the critical points (zeros of the derivative) of a polynomial p(z) is due to Gauss,' who showed that the critical points not multiple zeros of p(z) are the positions of equilibrium in the field of force due to unit particles situated at the zeros of p(z), where each particle repels with a force equal to the mass divided by the distance.
The first mechanical interpretation of the critical points (zeros of the derivative) of a polynomial p(z) is due to Gauss,' who showed that the critical points not multiple zeros of p(z) are the positions of equilibrium in the field of force due to unit particles situated at the zeros of p(z), where each particle repels with a force equal to the mass divided by the distance.
B8cher (1904) showed that the zeros of the jacobian of two binary forms and of certain other algebraic invariants can be expressed as the positions of equilibrium in a similar field of force due to positive and negative particles situated at the zeros of the ground forms. B6cher's results can be applied in the study of the critical points of rational functions.
A given harmonic function can frequently be expressed as the uniform limit of the logarithm of the modulus of a variable polynomial or more general rational function; the critical points of the harmonic function are the limits of those of the rational functions; the present writer (1933 and later) has thus applied the extensive theory of the location of the critical points of a rational function to the study of the critical points of a harmonic function. It is the object of the present note to show that the latter critical points can be conveniently .and effectively studied directly as positions of equilibrium in a suitably chosen field of force, due to matter spread over Jordan curves or other point sets. The advantages of the present method are a closer analogy between the theory for harmonic functions and that for rational functions, with simpler proofs and stronger theorems, and in addition a systematic method for the enumeration of critical points of harmonic functions. We include also the means for studying various new harmonic functions. A finite critical point of an analytic function f(z) is a zero of the derivative f'(z); the order of the critical point is the order of the zero of f'(z). The point at infinity is a critical point of an analytic function f(z), and of order k, if z = 0 is a critical point of f(l/z), and of order k. If f(z) has a pole at infinity, that point is not a critical point; if f(z) is analytic there, the point at infinity is a critical point of order k if and only if f'(z) has a zero there of order k + 2. A point z = x + iy is a critical point of a harmonic function u(x, y), and of order k, if it is d critical point of the analytic function u + iv, where v is conjugate to u, and of order k.
We shall consider critical points as positions of equilibrium in a field where the force is the conjugate of the derivative f'(z) of an analytic funcill VOL. 34, 1948 tion f(z). Corresponding to the convention just introduced, we consider the point at infinity to be a position of equilibrium if and only if it is a critical point off(z).
1. We use the term Jordan configuration (of the extended plane) to denote either a continuum composed of a finite number of Jordan arcs or a finite number of such continua, mutually disjoint. Various integrals of potential theory representing a harmonic function u(x, y) in a region R may be taken over the boundary B of R if B is a finite Jordan configuration; ordinarily such an integral is first taken over a level locus L with no multiple points, say u(x, y) = const interior to R, and on L involves ()u/ab)ds = -dv, where v(x, y) is conjugate (locally single valued) to u(x, y) in R, and v represents interior normal. If u(x, y) is constant on a Jordan configuration J belonging to B, by allowing L to approach J the corresponding integral can perhaps be taken over J itself, on which v(x, y) is continuous. Theorems 1, 5 and 11 below are all proved by this method from the formula 1 (7
after making suitable simplifications. THEOREM 1. Let the boundary B of an infinite region R be a finite Jordan configuration, and let G(x, y) be Green's function for R with pole at infinity. Then we have G(x,y) =fJB logrda +g, 1
where do = -dH/27r on B, JB do = 1, H(x, y) is conjugate to G(x, y) in R, and g is a constant. The function H(x, y) = fB arg (z -t)da(t), z = x + iy, is conjugate to G(x, y) in R, locally single valued, and the function F(z) = G(x, y) + iH(x, y) = fB log (z -t)do(t) + g is analytic in R.
The critical points of G(x, y) in R are the zeros in R of the analyticfunction (2) is the force at z due to unit particles at t and 1, and whether or not t is real has a non-zero vertical component directed away from the axis; we have the first part of , THEOREM 3. Under the cbnditions of Theorem 1, let B be symmetric in the axis of reals, and let Jensen circles be constructed with diameters the segments. joining all pairs of symmetric points of B. Then all critical points of G(x, y) in R lie in the closed interiors of these Jensen circles.
A critical point zo in R not interior to a Jensen circle cannot lie on such a circle unless it lies on all Jensen circles for B, that is to say, unless B lies wholly on the equilateral hyperbola with vertices zo and Lo.
The latter part of Theorem 3 follows from the fact that a point z on the Jensen circle for t and 1, the force represented.by the conjugate of. (2) is horizontal.
At any point zo = xo + iyo of R not a critical point, the force in the field described in Theorem 1 is orthogonal to the locus G(x, y) = G(xo, yo); for if we compute dF/dz, where dz = e dv( E| = 1) is taken in the direction of the normal to this locus in the sense of increasing G, we have dF/dz = (bG/bv)/e, bG/lv > 0, bH/av = 0, whence arg [F'(z)] = -arg e, so the direction of the force is that of v; the conjugate of F'(z) is the gradient of G. This remark obviously applies generally to the field defined by the conjugate of an analytic function F'(z), where F = G + iH.
By study of the variation in the direction of the force as z traces a level locus near B, and also traces a suitably chosen auxiliary Jordan curve in R containing K, we study the variation of arg [F'(z)] on these curves, and obtain THEOREM 4. Under the conditions of Theorem 3 let K be a configuration VOL. 34, 1948 consisting of a segment a _ z _ , plus the closed interiors of all Jensen cjrcles intersecting that segment. Let a and 13 lie in R and not be critical points of G(x, y). Let K contain k components of B. Then K contains k -1, k, or k + 1 critical points of G in R according as the forces at a and 13 are both directed outward, one outward and one inward, or both directed inward.
3. For forces of the kind described, we prove the LEMMA. The force at a point P due to a distribution of positive matter in a circular region C not containing P is equal to the force at P due to the same total mass concentrated at a suitably chosen point of C. A circular region is the closed interior or exterior of a circle, or a halfplane.
This Lemma may be proved by inversion in P; the force at P due to a particle at Q is in magnitude, direction and sense the vector Q'P, where Q' is the inverse of Q; the proposition is equivalent to the fact that if a distribution of positive mass lies in the closed interior of a given circle, so does its center of gravity. This Lemma enables us to prove many further results, here omitted, from Theorem 1.
The method of proof of Thebrem 1 also yields THEOREM 5. Let R be a region of the extended plane whose boundary B is finite and consists of disjoint Jordan configurations C and D. Let the function u(x, y) be harmonic in R, continuous on R + B, zero on C and unity on D. Then in R we have u(x,y) = f0logr do-fD logr d+uo, fcda = fDdcr, (3) do = -dv/2r on C, do-= dv/27r on D, where uo is a constant and v(x, y) is conjugate to u(x, y) in R. We also have
The finite critical points of u(x, y) in R are the finite zeros in R of f( fg j= Jz' t (4) Consequently the critical points of u(x, y) in R are precisely the positions of equilibrium in the field of force due to a spread a-of positive matter on C and a spread -a-of negative matter on D, where the matter repels with a force proportional to the mass and inversely to the distance.
If R is finite the constant uo is zero or unity according as R is separated from the point at infinity by C or D; if R is infinite, uo = u( co).
As an analog of a theorem due to B6cher we prove THEOREM 6. Under the conditions of Theorem 5, let C and D lie, respectively, in disjoint circular regions S and T. Then all critical points of u(x, y) in R lie in S and T. If C and D consist, respectively, of m and n components, then S and T contain, respectively, m -1 and n -1 critical points.
At a point z exterior to S and T the force due to the positive mass on C is equal to the force at z due to the same mass concentrated at some point Q, of S, by the Lemma, and the force at z due to the negative mass on D is equal to the force at z due to the same mass (numerically equal to the total positive mass) concentrated at a point Q2 of T; the field due to these two masses at Qi and Q2 has as lines of force the circles through Qi and Q2, so the total force at z is not zero. Study of the variation in the direction of the force as z traces a circle separating S and T, and traces loci u(x, y) = e and 1 -e in R, where e is small but positive, completes the proof. 4. In Theorems 5 and 6 the constant values zero and unity on C and D may be replaced by any other distinct constant values; such a change may modify u(x, y) By an additive constant, which alters uo in (3) but leaves (4) unchanged, and may modify u(x, y) by a multiplicative constant, which multiplies uo, v(x, y), and hence do-by this same constant, and leaves (3) and (4) formally unchanged; even if the multiplicative constant is negative the conclusion of Theorem 5 persists. This remark will be useful in the proof of THEOREM 7. Let u(x, y) be harmonic in a region R bounded by a Jordan curve J and a Jordan configuration B disjoint from J, continuoss on R + J + B, zero on J and unity on B. Let the region R1 bounded by J and containing R be provided wvith non-euclidean (NE) geometry by mapping R1 conformally onto the interior of a circle, and let II be the smallest NE convex set in R1 containing B. Then all critical points of u(x, y) in R lie in I.
We make the permissible assumption that J is the unit circle and that the origin is a point of R.. We extend u(x, y) harmonicalLy across J so that u(x, y) is harmonic in the region R' bounded by B and the reflection B' of B in J; then u(x, y) is continuous on R' + B + B', equal to unity on B and minus unity on B'. Both B and B' are finite. The values of do-are equal in corresponding points of B-and B', so the integral corresponding to (4) for R' can be taken merely over B, with the integrand
The conjugate of (5) is the force at z due to unit positive and negative masses at t and 1/1, and this force has the direction of the circle through z, t and 1/1, in the sense from t toward z. If z is a point of R exterior to II, there exists a NE line L through z disjoint from II, and each vector represented by the conjugate of (5) The situation of Theorem 9 can be studied directly even under a more general hypothesis. In Theorem 1 let zo be a finite point of R; choose u(x, y) in (3) as G(z, zo), with C as B and D as the locus G(z, zo) = M.
When M varies, v(x, y) does not change, and we have fD do = 1, so as M becomes infinite we obtain G(z,zo) = fJB logrd da-log|-zoj+Uo, fd = 1,
BZ t z -zo B THEOREM 11. Let'R be a region bounded by a finite Jordan configuration B, and let a,, ..., a. be finite points of R. Then the critical points of u(z) defined by (6) are the positions of equilibrium in afield offorce due to a spread o-of positive matter of total mass 2X,k on B, and to negative particles of respective masses-Xk at the ak.
One of many consequences of Theorem 11 is THEOREM 12. Under the conditions of Theorem 11 let B lie in a circular region S and the ak in a circular region T disjoint from S. Then all critical points of u(z) in R lie in S and T.
6. As is well known, equation (1) expresses u(x, y) as the sum of a simple potential and a double layer potential; in any case we may write from (1) at least formally2 u(X,y)=-I log r dv + These arcs Ak are special cases of W-curves, which are of importance in the entire study of critical points, namely, the locus of points at which the forces due to two groups of particles have the same direction but opposite senses; the groups of particles (here the n groups ak, ik) have relations of equality of mass between the elements of a group, but between groups all possible relative masses of constant sign are considered. As in Theorem 13, the W-curves form the boundaries of regions necessarily containing the critical points. A double layer distribution on an arbitrary curve C is the limit of a double layer distribution piecewise constant on C as in Theorem 13; the lines of force for the original distribution are the circles normal to C, and the W-curves are the circles normal to C in two points plus the locus of points zo from which two circles tangent at zo and normal to C can be drawn. THEOREM 14. Let R be a region bounded by the unit circle C and by a Jordan configuration B interior to C. Let the function u(x, y) be harmonic and bounded in R, continuous on R + B + C except in the end-points of an arc A of C, unity on B and the interior points of A, zero on the interior points of C -A. Let II be a NE convex set containing B, and let the set H1 consist of H plus all points of arcs joining A and II, of circles of the coaxial family determined by the end-points of A as null circles. Then all critical points of u (x, y) in R lie in Ill. 1. Introduction.-Complete analytic solutions of definite boundary value problems of compressible rotational flow are extremely difficult to obtain. Therefore, in the present stage of study of rotational gas flow the inverse, or semi-inverse, approach promises to prove fruitful. We propose to deduce and to study flow patterns satisfying the differential equations of gas flow and having throughout the field certain prescribed geometric, kinematic or physical properties; but will not make them obey any prescribed boundary conditions. Usually entire systems of flow patterns, rather than individual solutions, result from this type of approach. If an imposed condition is proved not to be satisfied by any possible flow pattern, then this negative result is of significance, as it establishes a general property of all flows satisfying the equations of the problem.
In various fields of fluid mechanics the semi-inverse approach has been used with considerable success. It is sufficient to recall the contributions of Beltrami, Massotti, Jeffreys, Hamel, Oseen, Kampe de F6riet,' Bateman and Tollmien.2 None of these investigations deals however with the rotational flow of a perfect gas.
The reason for this is probably that such an investigation-unless restricted to cases of uniform stagnation enthalpy-requires complicated and difficult eliminations if based on the familiar equations of the problem.
In the recent investigations of Munk and Prim3 4 this elimination is accomplished with complete generality as far as steady flow of a perfect gas is concerned. This makes the application of the semi-inverse approach to rotational gas flow practicable. Therefore the results of Munk and Prim are used throughout the present paper. The present paper is
